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CRYSTALLOGRAPHIC MULTIWAVELETS IN L2(Rd)
URSULA MOLTER AND ALEJANDRO QUINTERO
Abstract. We characterize the scaling function of a crystal Mul-
tiresolution Analysis in terms of the vector-scaling function for a
Multiresolution Analysis associated to a lattice. We give necessary
and sufficient conditions in terms of the symbol matrix in order
that an associated crystal wavelet basis exists.
1. Introduction
From the early introduction of wavelets it is apparent that the tiling
properties of the group of translations play a central role. The main
idea in wavelet-systems, is to move (translate) a small wave through-
out the space in such a way that every point is reached. In order to
obtain reproducing systems, dilations of the wave are introduced. Pre-
cisely, a wavelet system of multiplicity L in L2(Rd) is a set of functions
{ψ1, . . . , ψL}, and a dilation matrix a ∈ Rd×d, such that{
Djaτkψ
i : k ∈ Zd, j ∈ Z, i = 1, . . . , L}
is an orthonormal basis for L2(Rd), where Da is the unitary dilation
operator in L2(Rd), and τk is the translation by k ∈ Zd.
Mallat [16] and Meyer [17] provided the first systematic way to con-
struct orthonormal wavelet bases of L2(R) using the concept of Mul-
tiresolution Analysis (MRA). They showed that for every MRA there
exists an associated orthonormal wavelet basis. The rich structure of
MRA is generated by another function (the scaling function) that sat-
isfies a certain self-similarity condition. The problem of constructing
orthonormal wavelet was then shifted to the problem of constructing
MRAs. Using this structure, Daubechies [7] was able to prove the ex-
istence of compactly supported orthonormal wavelets with arbitrary
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regularity on the line. After these results, the theory was generalised
into different directions.
In this sense, crystal wavelets and its associated crystal multireso-
lution analyses are a natural generalization of classical wavelets and
multiresolution analyses. In these systems, a crystal group Γ takes the
place of the translations in classical wavelets. To be more precise, we
have the following definition [9, 15]:
Definition 1.1. Given a crystal group (see Definition 2.1 below) Γ ⊂
Isom(Rd) and an expanding matrix a : Rd → Rd; (i.e. all eigenvalues
of a, have modulus greater than 1), such that aΓa−1 ⊂ Γ, a crystal
multiwavelet of multiplicity L (wavelet, for L = 1), is a set of functions
Ψ = {ψi : i = 1, . . . , L} ⊂ L2(Rd) such that
Ψ(Γ,a) = {DjaDγψi : j ∈ Z, γ ∈ Γ, i = 1, . . . , L},
is an orthonormal basis for L2(Rd), where for any invertible affine
map γ, Dγ : L
2(Rd) → L2(Rd) is the unitary operator Dγf(x) :=
| det lin(γ)|− 12f(γ−1x), where lin(γ) is the linear part of γ.
We will also say that Ψ is a (Γ, a)-crystal multiwavelet (or wavelet)
system.
The action by elements of crystal groups offers a richer geometrical
structure than using only translations. This new geometric freedom al-
lows us to obtain basis elements supported on sets with different shapes
and directions than classical wavelets. These are desirable properties
for bases used in representation of multidimensional functions [12].
The theory of crystal wavelets is related to the theory of Composite
Dilation Wavelets (CDW), which have been introduced and studied
in a series of papers by K. Guo, D. Labate, W. Lim, G. Weiss and
E. Wilson (see for example [12]). A particular class of CDW, are the
so called composite AB wavelets. They are defined as follows: let
L ⊂ Rd be a full rank lattice, A, B countable subsets of GLd(R).
Then Ψ = {ψi : i = 1, . . . , m} is a composite AB wavelet if the affine
reproducing system AAB(ψ) = {DaDbTkφ : k ∈ Zd, b ∈ B, a ∈ A}, is
a basis or frame for L2(Rd). Results on existence of these wavelets were
obtained in [3, 4, 13] for the particular case in which A = {aj : j ∈ Z},
where a is an expansive matrix, and B is a finite group satisfying the
crystal condition BL = L.
Using Zassenhaus’s Theorem [18] one can show that AAB(ψ) is in
fact a special case of crystal wavelet systems. Therefore the study of
crystal wavelet systems includes these composite AB wavelets.
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The aim of the present paper is to construct crystal multiresolution
analyses (Definition 3.2) and prove the existence of crystal wavelets
associated to these constructions.
Our first result (Theorem 3.9) relates the property of being
Γ−refinable (Definition 3.4) for an arbitrary splitting crystallographic
group to being refinable with respect to a translation group. This rela-
tion enables us to characterize all compactly supported function with
orthonormal Γ−translates that generate a crystal multiresolution ana-
lysis of L2(Rd), in terms of multiscaling vectors using only translates
on the lattice Λ. In particular, any such a function is a solution of a
crystal refinement equation.
We then show (Theorem 4.5) when there exist corresponding crys-
tal multiwavelets whose dilates and Γ−translates form an orthonormal
basis for L2(Rd), providing a method for generating orthonormal bases
of L2(Rd) associated to a crystal group.
Let us point out that in [3], Theorem 1, using methods from non-
commutative abstract harmonic analysis, the problem of the existence
of wavelet systems associated to general noncommutative groups has
been completely settled. This result has then be specialized in [15] to
the case of crystal groups. In both cases the proof relies on the can-
celation property for a finite Von Neumann Algebra which does not
immediately yield a method to exhibit such a system. In fact, in [15]
only some particular examples are constructed.
We instead use classical Fourier Analysis results and are able to
provide tools to find the wavelet systems explicitly. For the special
case of AB composite wavelets in [3] a similar approach was used.
2. Crystal Groups
Crystal groups (or space groups) are groups of isometries of Rd, that
generalize the notion of translations, to allow for different (rigid) move-
ments in Rd. Precisely:
Definition 2.1. A crystal group is a discrete subgroup Γ ⊂ Isom(Rd)
such that Isom(Rd)/Γ is compact, where Isom(Rd) is endowed with the
topology of pointwise convergence.
Or equivalently, one can define a crystal group to be a discrete sub-
group Γ ⊂ Isom(Rd) such that there exists a compact fundamental
domain P for Γ.
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Intuitively, a crystal should have a bounded pattern that is repeated
until it fills up space, i.e. there exists a bounded closed set P such that⋃
γ∈Γ
γ(P ) = Rd and γ(P ◦) ∩ γ′(P ◦) 6= ∅ then γ = γ′,
where P ◦ is the interior of P .
This set is called fundamental domain, which corresponds to the
fundamental domain for lattices, only that here its shape can be much
more general.
Note that a particular case of crystal group is the group of transla-
tions on a lattice.
The theorem of Bieberbach [2] yields the following:
Theorem 2.2 (Bieberbach). Let γ be a crystal subgroup of Isom(Rd).
Then
(1) Λ = Γ ∩ Trans(Rd) is a finitely generated abelian group of rank
d which spans Trans(Rd), and
(2) the linear parts of the symmetries adΓ ∼= Γ/Λ, the point group
of Γ, is finite.
Here Trans(Rd) stands for translations of Rd.
We will denote the point group of Γ defined in (2) of Theorem 2.2
by G, and call (Γ, G,Λ) a crystal triple.
Remark 2.3.
• Note that the set Λ is not empty by Bierberach’s theorem [2].
Moreover, Λ consists of translations on a lattice L which is
isomorphic to Zd.
We will denote by L and L∗ the fundamental domains of the
lattices L and its dual, L∗ respectively. We will also make a
slight abuse of notation and use Λ and Λ∗ for L and L∗.
• The Point Group G of Γ is a finite subgroup of O(d), the or-
thogonal group of Rd, that preserves the lattice of translations,
i.e. GL = L.
General results on crystal groups, can be found for example in [2],
[10], [18].
One very important class of crystallographic groups, are the splitting
crystallographic groups:
Definition 2.4. Γ is called a splitting crystal group if it is the semidi-
rect product of the subgroups Λ and G. In this case Γ = G ⋉ Λ
and for each γ, γ˜ ∈ Γ, with γ = (gi, τk) and γ˜ = (gj, τl), we have
γ˜ ·γ = (gjgi, τkg−1i τlgi) where gi, gj ∈ G, τk, τl ∈ Λ and γ(x) = gi(x+k).
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Every crystal group is naturally embedded into a splitting group, and
very often arguments for general groups can be relatively easy reduced
to the splitting case and then be proved for that simpler case.
For simplicty of notation, for each γ ∈ Γ we will use the notation
γ = (gi, k) in stead of (gi, τk). If γ = (gi, k) and γ˜ = (gj, l), then
γ˜ · γ = (gjgi, k + g−1i (l)).
From here on we will only consider splitting crystal groups.
3. Γ−refinement function and Crystal Multiresolution
Analyses.
In order to obtain wavelet-type reproducing systems, the group con-
dition on the translations is not essential. However, having an under-
lying group allows to use powerful mathematical tools. In particular, if
one wants to ensure a regular (discrete and uniform) movement through
space using a group of isometries, the only possibilities are the crystal
groups (see [18]).
The classic wavelets use the simplest of such groups, when only trans-
lations are used. We will here turn our attention to more general crystal
groups.
In order to complete the construction of crystal wavelets, we need
to add a dilation operator to our crystal group and a special dilation
matrix.
Definition 3.1. Let (Γ, G,Λ) be a splitting crystal triple. We will say
that a is a Γ−admissible matrix, if a is an expanding matrix (i.e. all
eigenvalues have modulus larger than 1) and aΓa−1 ⊂ Γ.
We will assume throughout this paper that the Γ−admissible matrix
a admits a choice of digits D = {d0, ..., dm−1} such that the unique
compact set Q that satisfies a(Q) = ⋃m−1s=0 Q+ ds, is a tiling of Rd, i.e.
{Q + λ}λ∈Λ cover Rd, where Λ is the group of translations associated
to Γ. Lagarias and Wang proved that such digits exist if d = 1, 2, 3 or
if m = | det(a)| > d [14].
We can now introduce the notion of (Γ, a)-multiresolution analysis
(see also [3], [9], [15]), which is a natural generalization of the classical
Multiresolution Analysis definition.
Definition 3.2. Let Γ be a crystal group and let a be a matrix such
that aΓa−1 ⊂ Γ. A sequence {Vj}j∈Z of closed subspaces of L2(Rd) is
an orthogonal (Γ, a)-multiresolution analysis ((Γ, a)−MRA) of multi-
plicity n, if the following conditions hold:
(i) Vj ⊂ Vj+1, for j ∈ Z.
(ii) Vj+1 = D−1a Vj , for j ∈ Z.
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(iii)
⋂
j∈Z Vj = {0} and
⋃
j∈Z Vj = L2(Rd).
(iv) There exists an n−tuple Φ = (φ1, . . . , φn) of functions φi ∈
L2(Rd), called the crystal-scaling function vector, such that
{Dγφi : γ ∈ Γ, i = 1, . . . , n} is an orthonormal basis of V0.
Remark 3.3. If {Vj}j∈Z is a (Γ, a)-MRA, then, since V0 ⊂ V1, the
crystal-scaling vector function Φ ∈ V1. As V1 = D−1a V0, the set
{D−1a Dγφi : γ ∈ Γ, i = 1, . . . , n}, is an orthonormal basis of V1.
Then for each i = 1, ..., n
φi(x) =
∑
γ∈Γ
n∑
j=1
dγi,jD
−1
a Dγφj(x) =
∑
γ∈Γ
n∑
j=1
| det a|− 12dγi,jDγφj(ax),
We consider now, for each γ ∈ Γ, the matrices dγ =
| det a|− 12 (dγi,j)i,j=1,...,n. Then we have
(1) Φ(x) =
∑
γ∈Γ
dγΦ(γ
−1(ax)),
where dγ are n× n matrices.
This equation is a generalization of the classic refinement equation.
We will therefore use the following definition.
Definition 3.4. Let (Γ, G,Λ) be a splitting crystal triple and a a
Γ−admissible matrix. Consider the vector-valued function f : Rd →
Cr, f(x) = (f1(x), . . . , fr(x))
T . We will say that f is Γ−refinable, or
that f satisfies a Γ-refinement equation, if there exist a finite number
of r × r matrices dγ such that
(2) f(x) =
∑
γ∈Γ
dγf(γ
−1(ax)).
An interesting question is whether given a sequence {dγ}γ∈Γ ⊂ C,
there exists a unique function f ∈ L2(Rd) such that, f is a solution to
the Γ−refinement equation (2) associated to the sequence {dγ}γ∈Γ.
3.1. (Γ, a)−symmetry and the JΓ subspace. In this section, we will
introduce the notion of (Γ, a)−symmetry, and define a special closed
subspace of L2(Rd) that will be necessary to characterize the existence
and uniqueness of solutions to equation (2).
Definition 3.5. Let (Γ, G,Λ) be a splitting crystal triple and G =
{g1, g2, . . . , gr}, and suppose that g1 = Id. Let a be a Γ−admissible
matrix and let {ck}k∈Λ, with ck ∈ Cr×r. We will say that the matrices
ck have (Γ, a)−symmetry, if
cki,j = c
g−1
hi
(k)
1,ρi(j)
for all i, j = 1, ..., r and k ∈ Λ,
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where hi and ρi are permutations of {1, .., r} such that ghi = agia−1 for
i = 1, ..., r and gρi(j) = g
−1
hi
◦ gj for each i, j = 1, ..., r.
Remark 3.6. There exist matrices with this property. Just as an ex-
ample, let {dγ}γ∈Γ be a sequence of complex numbers. If we look at
γ = (gi, k), with gi ∈ G, k ∈ Λ, for each k ∈ Λ we define the matrix c˜k
by
(3) c˜k = (c
k
i,j)i,j=1,...,r =
(
d(g−1
hi
◦gj ,g
−1
j (k))
)
i,j=1,...,r
.
It easily follows that these matrices have (Γ, a)−symmetry.
Let as before (Γ, G,Λ) be a splitting crystal triple, with G = {g1 =
Id, ..., gr}. We define the following closed subspace of L2(Rd,Cr) asso-
ciated to Γ:
(4) J˜Γ := {F ∈ L2(Rd,Cr) : F = (f, f ◦ g−12 , ..., f ◦ g−1r ) }.
We have the following Proposition.
Proposition 3.7. Let (Γ, G,Λ) be a splitting crystal triple, G = {g1 =
Id, ..., gr} and let a be a Γ−admissible matrix. Let {ck}k∈Λ, with ck ∈
Cr×r be matrices having (Γ, a)−symmetry. Let J˜Γ be defined as above
(4), then the operator S : J˜Γ → J˜Γ given by SF (x) =
∑
k∈Λ
ckF (ax− k)
is well defined.
Proof. Let F ∈ J˜Γ, F = (f, f ◦g−12 , ..., f ◦g−1r ). We sill show that SF ∈
J˜Γ. We consider SF = F˜ = (f˜1, ..., f˜r). Then F˜ (x) =
∑
k∈Λ ckF (ax −
k). Hence, for each i = 1, ..., r, f˜i(x) =
∑
k∈Λ
∑r
j=1 c
k
i,jf ◦ g−1j (ax− k).
Note that since g1 = Id, f˜1 = f˜1 ◦ g−11 . For 2 ≤ i ≤ r, by definition of
f˜1, we have
(5) f˜1 ◦ g−1i (x) =
∑
k∈Λ
r∑
j=1
ck1,jf ◦ g−1j (ag−1i (x)− k).
By hypothesis a is a Γ−admissible matrix. Therefore G = aGa−1,
and for each i there exists ghi ∈ G such that agia−1 = ghi and so
g−1hi a = ag
−1
i . Furthermore, for each i, we have that ghiG = G, since
G is a group. Therefore there exist permutations si and ρi of the set
{1, · · · , r} such that gsi(j) = ghi ◦ gj and gρi(j) = g−1hi ◦ gj, j = 1, . . . , r.
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Note that, in fact ρi ◦ si(j) = si ◦ ρi(j) = j. Thus by (5) we have
f˜1 ◦ g−1i (x) =
∑
k∈Λ
r∑
j=1
ck1,jf(g
−1
j (g
−1
hi
(ax)− k)) =
∑
k∈Λ
r∑
j=1
ck1,jf(g
−1
j ◦ g−1hi (ax− ghik))
=
∑
k∈Λ
r∑
j=1
ck1,jf(g
−1
si(j)
(ax− ghik)) =
∑
l∈Λ
r∑
j=1
c
g−1
hi
(l)
1,j f(g
−1
si(j)
(ax− l))
=
∑
l∈Λ
r∑
u=1
c
g−1
hi
(l)
1,ρi(u)
f(g−1u (ax− l)),
(6)
where in the last equality we used that ρi(u) = j. Now, by the
(Γ, a)−symmetry of the matrices ck, the definition of f˜i and (6) we
have
f˜1◦g−1i (x) =
∑
l∈Λ
r∑
u=1
c
g−1
hi
(l)
1,ρi(u)
f(g−1u (ax−l)) =
∑
k∈Λ
r∑
j=1
cki,j(f◦g−1j )(ax−k) = f˜i(x).
Therefore F˜ ∈ J˜Γ. 
3.1.1. The Joint Spectral Radius. The spectral radius of a square ma-
trix M is
ρ(M) = lim
l→∞
‖M l‖1/l = max{|λ| : λ is an eigenvalue of M}.
For each 1 ≤ p ≤ ∞, the p-joint spectral radius (p-JSR) of a finite
collection of s× s matrices M = {M1, ...,Mm} is
(7) ρ̂p(M) =

lim
l→∞
(∑
Π∈Pl
‖Π‖p
)1/pl
, 1 ≤ p <∞;
lim
l→∞
max
Π∈Pl
‖Π‖1/l, p =∞,
where
P0 = {Id} and Pl = {Mj1...Mjl : 1 ≤ ji ≤ m}.
It is easy to see that the limit in (7) exists and is independent of the
choice of norm ‖ · ‖ on Cs×s. Note that if p ≥ q, then ρ̂p(M) ≤ ρ̂q(M).
Note that if there is a norm such that
(
m∑
j=1
‖Mj‖p
)1/p
≤ δ, then,
by the definition of ρ̂, it is clear that ρ̂p(M) ≤ δ.
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3.2. Existence and uniqueness of solutions of a Γ−refinement
equation. Since we are seeking compactly supported solutions of the
Γ−refinement equation, we will only consider refinement equations with
finitely many non-zero coefficients. Let Λ′ ⊆ Λ be a finite subset of Λ.
Analogously as in Chapter 2 of [5], it can be shown that the support of
a solution to the Γ-refinement equation will be related to the compact
attractor KΛ′ of the iterated function system {wk(x) = a−1x + k, k ∈
Λ′}. From hereon, we will always assume that the coefficients of the
refinement equation are all zero, except for a finite number.
We have the following Theorem.
Theorem 3.8. Let (Γ, G,Λ) be a splitting crystal triple, G = {g1 =
Id, ..., gr}, a a Γ−admissible matrix and m = | det a|. We consider a
finitely supported sequence {dγ}γ∈Γ ⊂ C, such that
∑
γ∈Γ |dγ|2 < m,
and let c˜k be the matrices generated from the coefficients {dγ}γ∈Γ using
equation (3). Let as before, Λ′ ⊂ Λ be the finite set such that c˜k 6= 0, for
k ∈ Λ′, and KΛ′ be the attractor associated the iterated function system
{wk(x) = a−1x+ k, k ∈ Λ′}. Let JΓ defined analogously as above, by
(8)
JΓ = {F ∈ L2(Rd,Cr) : F = (f, f◦g−12 , ..., f◦g−1r ) and supp(F ) ⊂ KΛ′}.
Then there exists a unique function F ∈ JΓ that is a solution to the
refinement equation F (x) =
∑
k∈Λ′ c˜kF (ax− k) a.e..
The proof of this result is a consequence of Theorem 3.4 of [5],
since the condition on the sequence dγ guarantees the existence of
a (unique) solution in L2(Rd,Cr) to the vector-refinement equation
F (x) =
∑
k∈Λ′ c˜kF (ax−k). But by Theorem 3.7, S : J˜Γ → J˜Γ. Further,
note that if F ∈ J˜Γ has compact support, so has SF ∈ J˜Γ. Moreover,
if F has support in KΛ′, SF also (see [5]). Hence, since JΓ is a closed
subspace of L2(Rd,Cr) the unique solution must lie in JΓ.
We are now ready to prove our main result, relating the
Γ−refinability of a function f , to the refinability of a certain vector
function F ∈ JΓ.
Theorem 3.9. Let (Γ, G,Λ) be a splitting crystal triple, G = {g1 =
Id, ..., gr}, a a Γ−admissible matrix and m = | det a|. We consider
a finitely supported sequence {dγ}γ∈Γ ⊂ C and the non-zero matrices
matrices {c˜k}k∈Λ′ ⊂ Cr×r, generated from the coefficients {dγ}γ∈Γ using
equation (3).
(1) If f : Rd → C has compact support and is Γ−refinable with
coefficients dγ, then the function F = (f, f ◦ g−12 , ..., f ◦ g−1r )
is Λ′−refinable with coefficients {c˜k}k∈Λ′, and the sequence
{c˜k}k∈Λ′ has (Γ, a)−symmetry.
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(2) If
∑
γ∈Γ |dγ|2 < m and F = (f1, ..., fr) ∈ L2(Rd,Cr) is the
solution of the refinement equation associated to the matrices
{c˜k}k∈Λ, then F ∈ JΓ and the function f = f1 is the solution
of the Γ−refinement equation associated to the scalars {dγ}γ∈Γ,
i.e., f is solution of f(x) =
∑
γ∈Γ dγf(γ
−1ax) a.e. x ∈ Rd.
Proof. (1) For the first implication, we must find matrices c˜k ∈ Cr×r
such that F (x) =
∑
k∈Λ c˜kF (ax+ k), and the matrices c˜k have
(Γ, a)−symmetry.
Since f is Γ-refinable there exist coefficients dγ, such that,
f(x) =
∑
k∈Λ
∑r
j=1 d(gj ,k)f(g
−1
j (ax) − k). Hence, for gi ∈ G,
and for each i = 1, . . . , r we have
(9) f(g−1i (x)) =
∑
k∈Λ
r∑
j=1
d(gj ,k)f(g
−1
j (ag
−1
i (x))− k).
Analogously to the proof of the Proposition 3.7, we obtain that
(f ◦ g−1i )(x) =
∑
k˜∈Λ
r∑
u=1
d(g−1
hi
◦gu,g
−1
u (k˜))
f(g−1u (ax− k˜).
Now we consider the matrices
(10) c˜k = (c
k
i,j)i,j=1,...,r =
(
d(g−1
hi
◦gj ,g
−1
j (k))
)
i,j=1,...,r
,
and we denote by (c˜k)h the h-th row of c˜k then
f(g−1h (x)) =
∑
k∈Λ
(c˜k)hF (ax− k),
and therefore F (x) =
∑
k∈Λ c˜kF (ax− k).
To finish the proof of (1) we need to prove that the matrices
c˜k have (Γ, a)−symmetry. For each i = 1, ..., r, we choose hi ∈
{1, ..., r} such that ghi = agia−1. If g1 = Id then gh1 = Id.
In this way, the elements of the first row of each matrix c˜k are
given by ck1,s = c(gs,g−1s (k)), for each s = 1, ..., r. Furthermore, for
a fixed i, there exists a permutation ρi of the set {1, ..., r}, such
that for each j = 1, ..., r, gρi(j) = g
−1
hi
◦ gj. Then the element cki,j
of the matrix c˜k, is given by
cki,j = d(g−1
hi
◦gj ,g
−1
j (k))
= d(gρi(j),g
−1
ρi(j)
◦g−1
hi
(k)) = c
g−1
hi
(k)
1,ρi(j)
,
therefore, the matrices c˜k have (Γ, a)−symmetry.
(2) As
∑
γ∈Γ |dγ|2 < m then by Theorem 3.8 there exists a unique
function F = (f1, ..., fr) such that F (x) =
∑
k∈Λ c˜kF (ax − k),
and F ∈ JΓ. We consider f = f1 and will prove that f verifies
CRYSTAL MULTIWAVELETS IN L2(Rd) 11
f(x) =
∑
γ∈Γ dγf(γ
−1ax) a.e. x ∈ Rd. As F is Λ′−refinable,
then
f(x) =
∑
k∈Λ
r∑
j=1
c˜k1,if ◦ g−1j (ax− k) =
∑
l∈Λ
r∑
j=1
c˜
gj(l)
1,j f(g
−1
j (ax)− l)).
We define d(gi,l) := c˜
gi(l)
1,i , and so
f(x) =
∑
k∈Λ
r∑
i=1
d(gi,k)f(g
−1
i (ax)− k) =
∑
γ∈Γ
dγf(γ
−1(ax)),
and therefore f is Γ−refinable.

As a Corollary we obtain the important following Theorem:
Theorem 3.10. Let (Γ, G,Λ) be a splitting crystal triple, G = {g1 =
Id, ..., gr}, and let a be a Γ−admissible matrix with m = | det a|.
We consider the finitely supported sequence {dγ}γ∈Γ ⊂ C such that∑
γ∈Γ |dγ|2 < m. Then, there exists a unique solution, f ∈ L2(Rd), to
the Γ−refinement equation associated to the sequence {dγ}γ∈Γ, i.e. f
satisfies f(x) =
∑
γ∈Γ
dγf(γ
−1ax).
This result is important on our purpose of obtain properties of a
(Γ, a)−Multiresolution Analysis from a classical Multiresolution Ana-
lysis.
3.3. (Γ, a)−MRA. We are interested in studying and generate
(Γ, a)−MRA associated to a function φ ∈ L2(Rd), and understand
how such a (Γ, a)−MRA relates to a classical MRA.
Definition 3.11. Let Γ be a crystal group, and assume that φ ∈
L2(Rd,Cn) has orthonormal translates on Γ. Let V0 be the closed
linear span of the translates of the component functions φi,
(11) V0 = span{Dγφi(x)}γ∈Γ, i=1,...,n.
Then, for each j ∈ Z, define Vj to be the set of all dilations of
functions in V0 by aj , i.e.,
(12) Vj = {f(ajx) : f ∈ V0}.
If the subspaces {Vj}j∈Z defined in this way are a crystal multires-
olution analysis for L2(Rd,Cn) (see Definition 3.2) then we say that it
is the (Γ, a)−MRA generated by φ.
The following result relates a (Γ, a)-MRA in the case φ : Rd → C, to
a classical MRA and is an easy consequence from Theorem 3.9.
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Corollary 3.12. Let (Γ, G,Λ) be a splitting crystal triple, r = |G|,
G = {g1, . . . , gr}. Then {Vj}j∈Z is a (Γ, a)-MRA of multiplicity 1, with
crystal-scaling function φ if an only if the function Φ : Rd → Cr defined
by
(13) Φ(x) = (φ ◦ g−11 (x), . . . , φ ◦ g−1r (x))T ,
is the scaling vector function for a MRA of multiplicity r, and the
coefficients of the refinement equation of Φ have (Γ, a)−symmetry.
Using the previous Corollary and Theorem 4.4 in [5] we have the
following Theorem that characterize those functions φ that generate
an (Γ, a)−MRA of multiplicity 1.
Theorem 3.13. Let (Γ, G,Λ) be a splitting crystal triple, r = |G|
and assume that φ ∈ L2(Rd,C) is compactly supported and has or-
thonormal translates on Γ, i.e. for each γ, σ ∈ Γ, 〈Dγφ,Dσφ〉 =∫
Dγφ(x)Dσφ(x)dx = δγ,σ. Let Vj ⊂ L2(Rd) for j ∈ Z be defined by
(11) and (12). Then the following statements hold.
(1) Properties (ii), (iv) of the Definition 3.2, and
⋂
j∈Z Vj = {0}
are satisfied.
(2) Property (i) of the Definition 3.2, is satisfied if and only
if φ satisfies a refinement equation of the form φ(x) =∑
γ∈Γ′ dγDγφ(ax), for some scalars dγ and some finite set Γ
′ ⊂
Γ (see equation (1)).
(3) If
(14)
∣∣∣φ̂(0)∣∣∣2 = |L|
r
.
where L is the fundamental domain for the lattice Λ, then⋃
j∈Z Vj is dense in L2(Rd). Moreover, if φ is refinable, then⋃
j∈Z Vj is dense in L2(Rd) if and only if (14) holds.
Remark 3.14. Note that |L|
r
in equation (14) is the measure of a fun-
damental domain for the crystal group Γ.
3.4. Relation between crystal-MRA and classical MRA. An
important application of Theorem 3.9 is that to each (Γ, a)−MRA of
multiplicity 1, for Γ a splitting crystal group, one can associate a clas-
sical MRA of multiplicity r, where r is the cardinal of G, the Point
Group of Γ.
In [6] it has been show that to any classical MRA one can associate a
wavelet system. The symbol matrix M0 defined as the unique matrix-
valued function such that
φ̂(a∗ω) = M0(ω)φ̂(ω), ω ∈ Rd,
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where φ is the scaling vector function for a MRA, is a central step in
their construction.
In what follows we will build the crystal version of the symbol matrix
M0. This is the unique function satisfying
Φ̂(a∗ω) = M0(ω)Φ̂(ω), ω ∈ Rd,
where Φ is the function defined in (13).
Let Γ be a splitting crystal group, r the cardinal of G and {Vj}j∈Z an
(Γ, a)-MRA of multiplicity 1, with associated crystal-scaling function
φ ∈ L2(Rd). Then, by (1) φ satisfies a Γ−refinement equation of the
form φ(x) =
∑
γ∈Γ dγDγφ(ax).
For γ = (gj, k), we have Dγφ(x) = | det gj|− 12φ(γ−1(x)). Since gj ∈
O(d) then | det gj| = 1, therefore Dγφ(x) = φ(γ−1(x)). Hence, if γ =
(gj, 0) then Dγ(φ(x)) = φ(g
−1
j x). To simplify notation we will use Dgjφ
for D(gj ,0)φ for each j = 1, ..., r.
The Fourier transform of φ is given by φ̂(ω) =
∑
γ∈Γ dγD̂γφ(a·)(ω).
Let us calculate D̂γφ(a·)(ω).
Then
D̂γφ(a·)(ω) =
∫
Rd
e−2piix.ωφ(g−1j (ax)− k)dx =
1
m
∫
Rd
e−2pii(a
−1(gj(y+k))).ωφ(y)dy
=
1
m
e−2piik.(g
∗
j ((a
−1)∗ω))
∫
Rd
e−2piiy.(g
∗
j ((a
−1)∗ω))φ(y)dy
=
1
m
e−2piik.(g
∗
j ((a
−1)∗ω))φ̂(g∗j ((a
−1)∗ω)).
(15)
Note that as G ⊂ O(d) then, for each g ∈ G we have that g∗ = g−1,
where g∗ denotes the adjoint operator of g and m = | det a|. Then by
(15)
D̂γφ(a·)(ω) = e−2pii(gj(k)).((a−1)∗ω)Dgj φ̂((a−1)∗ω).
Therefore
(16) φ̂(ω) =
∑
γ∈Γ
dγe
−2pii(gj(k)).((a−1)∗ω)Dgj φ̂((a
−1)∗ω),
from wich, since Γ is a splitting crystal group, we obtain that
φ̂(ω) =
1
m
r∑
j=1
∑
h∈Λ
d(gj ,g−1j (h))
e−2piih.(a
−1)∗ωDgj φ̂((a
−1)∗(ω)).
Let us fix i, since D̂giφ(ω) = Dgi φ̂(ω) we have that
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Dgiφ̂(a
∗ω) = Dgi
(
1
m
r∑
j=1
∑
h∈Λ
d(gj ,g−1j (h))e
−2piih.ωDgj φ̂(ω)
)
=
1
m
r∑
j=1
∑
h∈Λ
d(gj ,g−1j (h))
e−2piih.g
−1
i (ω)Dgi◦gj φ̂(ω).(17)
If we denote by σi the permutation of the set {1, . . . , r} such that
gi ◦ gj = gσi(j), then we have from (17)
Dgiφ̂(a
∗ω) =
r∑
j=1
1
m
(∑
h∈Λ
d(gj ,g−1j (h))
e−2piigi(h).(ω)
)
Dgσi(j)φ̂(ω)
=
r∑
j=1
1
m
(∑
k∈Λ
d(
gj ,g
−1
σi(j)
(k)
)e−2piik.(ω)
)
Dgσi(j)φ̂(ω)
=
r∑
j=1
1
m
(∑
k∈Λ
d(
g
σ
−1
i
(j)
,g−1j (k)
)e−2piik.(ω)
)
Dgj φ̂(ω).(18)
We define the matrix-valued function
(19)
M0(ω) =
1
m
∑
k∈Λ
c˜0ke
−2piik.ω with c˜0k =
(
d(g
σ
−1
i
(j)
,g−1j (k))
)
i,j=1,...,r
, c˜0k ∈ Cr×r.
Futher, let φ be as before the vector function, Φ : Rd → Cr such
that Φ = (φ1, . . . , φr)
T , with φj = Dgjφ for all j = 1, .., r. Note that
Dgiφ̂(a
∗ω) is equal to the product of row i of M0(ω) with Φ(ω), and
hence Φ̂(a∗ω) =M0(ω)Φ̂(ω).
4. Existence of crystal wavelets.
Assume that we have a (Γ, a)−MRA of multiplicity 1. In this section
we will give conditions for the existence of an orthonormal wavelet bases
for L2(Rd). Further, we provide a construction of these (Γ, a)-MRA
wavelets.
Given a (Γ, a)−MRA we define, as usual, the subspacesWj whereWj
is the orthogonal complement of Vj in Vj+1, i. e., Wj ≡ Vj+1⊖Vj, j ∈
Z. We seek a set of functions in V1, ψ1, . . . , ψl ∈ V1 such that the
system
{Dγψi : i = 1, . . . , l, γ ∈ Γ},
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is complete and orthonormal in W0. If such a set of functions exists,
then the (Γ, a)−MRA structure will guarantee that the set
(20) {DkaDγψi : i = 1, . . . , l, k ∈ Z, γ ∈ Γ},
is an orthonormal basis of L2(Rd).
Therefore, our task is reduced to finding ψ1, . . . , ψl ∈ W0 such that
the system {Dγψi : i = 1, ...l} constitute an orthonormal basis for W0.
4.1. Characterization of the subspace V1. Our purpose is to find
a family of functions in W0 such that its translates on Γ constitute an
orthonormal basis for W0. As V1 = W0 ⊕ V0 we are interested in ob-
taining a characterization of the subspace V1. For this, given a function
in V1 we will study its Fourier transform. From now on we assume that
(Γ, G,Λ) is a splitting crystal triple and we are given a (Γ, a)-MRA of
multiplicity 1 with crystal-scaling function φ ∈ L2(Rd,C), where a is a
dilation matrix that satisfies aΓa−1 ⊂ Γ, with | det a| = m. Recall that
If ψ ∈ V1, then ψ(x) =
∑
γ∈Γ cγφ(γ
−1(ax)). For each γ = (g, k) ∈ Γ
the Fourier transform of Dγφ(a·) is given by (15). Since gi(Λ) = Λ, for
each i = 1, ..., r we have that
ψ̂(ω) =
r∑
i=1
1
m
∑
h∈Λ
c(gi,g−1i (h))e
−2piih.(a−1)∗ωDgiφ̂((a
−1)∗(ω)).
For each i = 1, . . . , r we call (Nψ)i(ω) =
1
m
∑
h∈Λ c(gi,g−1i (h))
e−2piih.ω.
So, for each function ψ ∈ V1 we have
ψ̂(ω) =
r∑
i=1
(Nψ)i((a
−1)∗ω)Dgiφ̂((a
−1)∗ω), or ψ̂(a∗ω) =
r∑
i=1
(Nψ)i(ω)Dgiφ̂(ω).
If Nψ(ω) = (N1,ψ(ω), . . . , Nr,ψ(ω)), where Ni,ψ = (Nψ)i for i =
1, . . . , r, and Φ(ω) is the function defined by (13), then
ψ̂(a∗ω) = Nψ(ω)Φ̂(ω) and ψ̂(ω) = Nψ((a
−1)∗ω)Φ̂((a−1)∗ω).
Note that Nψ ∈ L2(L∗,C1×r) with Nψ = (N1,ψ, . . . , Nr,ψ) and Ni,ψ is a
Λ∗ periodic function for i = 1, . . . , r.
It is clear that the converse also holds, that is, if N is a Λ∗ periodic
function and N ∈ L2(L∗,C1×r), then the function f defined by f̂(ω) =
N((a−1)∗ω)Φ̂((a−1)∗ω), belongs to V1. Therefore, we have proved the
following characterization.
Proposition 4.1. Let f ∈ L2(Rd,C). Then f ∈ V1, if and only if
there exist a Λ∗ periodic function N and N ∈ L2(L∗,C1×r) such that
f̂(a∗ω) = N(ω)Φ̂(ω).
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4.2. Conditions for the existence of crystal Wavelets.
Let (Γ, G,Λ) be a splitting crystal triple with r = |G|, and let us
consider a (Γ, a)−MRA of multiplicitity 1. Let m = | det a|.
We are looking for the right conditions for the existence of a wavelet
basis. Since our goal is to find a basis of W0, as stated before, it
is necessary to find m − 1 functions to generate this subspace, this
condition is analogous to classical wavelets.
If ψ ∈ V1 then ψ(x) =
∑
γ∈Γ c
ψ
γφ(γ
−1(ax)). Analogously as for the
construction of the symbol matrix M0 (Section 2, formula (19)), we
can construct the matrix-valued function
(21) Mψ(ω) =
1
m
∑
k∈Λ
c˜ψ,ke
−2piik.ω,
such that
(22) Ψ̂(a∗ω) =Mψ(ω)Φ̂(ω),
where Ψ = (ψ1, . . . , ψr) with ψi = Dgiψ for all i = 1, . . . , r, and
(23) c˜ψ,k =
(
cψ
(g
σ
−1
i
(j)
,g−1j (k))
)
i,j=1,...,r
.
Then to each function ψ ∈ V1 we associate a matrix Mψ of the form
(21) such that ψ and Mψ satisfy an equality of type (22).
If we now have m− 1 functions ψ1, . . . , ψm−1 in V1 then
ψl(x) =
∑
γ∈Γ
clγφ(γ(a
−1x)) for each l = 1, . . . , m− 1,
and hence for each l = 1, . . . , m− 1, we have a matrix-valued function
Ml(ω) =
1
m
∑
k∈Λ
c˜l,ke
−2piik.ω,
where c˜l,k are the matrices defined as in (23) with the coefficients c
l
(gi,k)
,
for all l = 1, . . . , m− 1, respectively.
Futhermore, if we consider the vector functions Ψl : R
d → Cr such
that Ψl = (ψ
l
1, . . . , ψ
l
r)
T , with ψlj = Dgjψ
l for all j = 1, .., r then
Ψ̂l(a
∗ω) = Ml(ω)Φ̂(ω), l = 1, . . . , m− 1.
Note that Ml can be decomposed into the different cosets of Λ, that
is
Ml = Ml0 + · · ·+Ml(m−1) with Mlh(ω) = 1
m
∑
k∈Λh
c˜l,ke
−2piik.ω.
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If we define
ulh(ω) =
1√
m
∑
k∈Λ
c˜l,ak+dhe
−2piik.ω with h = 0, ..., m− 1,
then we obtain
Mlh(ω) =
e−2piidh.ω√
ω
ulh(a
∗ω) and Ml(ω) =
m−1∑
h=0
e−2piidh.ω√
ω
ulh(a
∗ω).
It is now apparent that if we want to prove the existence of a multi-
wavelet vector function ψl, we need to find conditions on the matrices
M1, . . . ,Mm−1 such that the translates on Γ of {ψl : l = 1, . . . , m− 1}
will form an orthonormal basis for W0.
RecallingM0 from (19) we define the matrix valued functionM(ω) ∈
(Cr×r)m×m by
M(ω) = [Mi(ω + (a∗)−1̺j)]i,j=0,...,m−1 ,
where {̺j}j=0,...,m−1 is a complete set of representatives of Λ˜/a∗Λ˜, where
Λ˜ is the dual lattice of Λ. Note that M is unitary a.e. if and only if
for each i, j = 0, . . . , m− 1, we have
m−1∑
n=0
Mi(ω + (a
∗)−1̺n)M
∗
j (ω + (a
∗)−1̺n) = δi,jIdr×r.
Similarly we define the matrix
U(φ, ψ1, ..., ψm − 1)(ω) = [ujh(ω)]j,h=0,...,m−1.
Definition 4.2. Let (Γ, G,Λ) be a splitting crystal triple and G =
{g1, ..., gr}. Let {Vj}j∈Z be a (Γ, a)−MRA of multiplicity 1 with scaling
function φ, and consider {V˜j}∈Z a MRA of multiplicity r with vector
scaling function Φ = (φ◦g−11 , ..., φ◦g−1r ). We define the set V1 ⊂ V˜1 such
that F ∈ V1 if F ∈ V˜1 and the coefficients ck of F (x) =
∑
k∈Λ ckΦ(ax−
k) have (Γ, a)−symmetry.
Proposition 4.3. Let (Γ, G,Λ) be a splitting crystal triple and G =
{g1, ..., gr}. Let {Vj}j∈Z be a (Γ, a)−MRA of multiplicity 1 with scaling
function φ. Then F = (f1, ...fr) ∈ V1 if and only if fi = f1 ◦ g−1i .
With this notation we have the following proposition:
Proposition 4.4. Let (Γ, G,Λ) be a splitting crystal triple, |G| = r,
and let f0, f1, . . . , fm−1 be functions in V1. If we write Sl = {Dγfj(x) :
j = 0, ..., l − 1; γ ∈ Γ}l = 1, . . . , m, and for each j = 0, ..., m − 1 we
consider Fj = (fj , fj ◦ g−12 , ·, fj ◦ g−1r ), then we have,
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(1) The system S1 is orthonormal if and only if F0 ∈ V1 and the
functions u0h associated to F0 satisfy
∑m−1
h=0 u0hu
∗
0h = Ir a.e.
(2) For each l ≤ m, the system Sl is orthonormal if and only if
Fj ∈ V1 for j = 0, ..., l and
∑m−1
h=0 uihu
∗
jh = δijIr
(3) The system Sm is an orthonormal basis for V1 if and only if Fj ∈
V1 for j = 0, ..., m− 1, and the block matrix U(F0, ..., Fm−1) is
unitary a.e.
In the following Theorem we will characterize the existence of crystal
multiwavelets in terms of the matrix M.
Theorem 4.5. Let Γ be a splitting crystal group, and let {Vj}j∈Z be
a (Γ, a)−MRA for L2(Rd) of multiplicity 1. Then, the following state-
ments are equivalent.
(a) {Dγψl}γ∈Γ, l=1,...,m−1 forms an orthonormal basis for W0.
(b) U is unitary a.e., and the functions Ψl associated a U belongs
to V1.
(c) M is unitary a.e., and the functions Ψl associated a M belongs
to V1.
(d) 1
m
∑
k∈Λ c˜i,kc˜
∗
j,k−Av = δ0,vδi,jIr×r for v ∈ Λ and i, j = 0, . . . , m−
1, and the matrices c˜i,k have a (Γ, a)−symmetry.
Proof. Since Γ is a splitting crystal group, then the system
{Dγψl}γ∈Γ, l=1,...,m−1 = {Dgiψl(x− k)}k∈Λ, i=1,...,r, l=1,...,m−1.
If we use the notation, ψli = Dgiψ
l as above,
{Dγψl}γ∈Γ, l=1,...,m−1 = {ψli(x− k)}k∈Λ, i=1,...,r, l=1,...,m−1.
Further, as {Vj}j∈Z is a (Γ, a)−MRA, then by Corollary 3.12, {Vj}j∈Z
is a MRA of multiplicity r with vector scaling function Φ. Therefore,
the proof of the Theorem is immediate from Theorem 4.11 in [5]. 
Thus, once an (Γ, a)-MRA has been found, we can construct a
wavelet basis for L2(Rd) if we can construct a particular unitary matrix
function M(ω). For each ω, the matrix M(ω) is of size rm× rm, and
the first r rows of this matrix are known. If the remaining rows can be
completed so thatM(ω) is unitary a.e., then we can find the functions
that generate the wavelet bases. Equivalently, we can try to solve the
non-linear system of equations in (d). The question of whether this
completion can always be accomplished is a very difficult open ques-
tion. The single function multivariate case, with dilation 2In is solved
by the fundamental Lemma of Gro¨chenig [11], and if (m − 1)r ≥ d
2
,
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Cabrelli et. al [6] proved that the completion can always be accom-
plished. This question is related to the Extension Principle, see recent
work in [1, 8].
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